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INTRODUCTION 
A fat bundle is, roughly speaking, a bundle which has a lot of curvature, 
as opposed to a flat bundle, which has none. (The precise definition is given 
in Section 1.) For example, a bundle with structure group S’ is fat if it has a 
connection whose curvature is a symplectic structure on the base. 
The notion of fat bundle arises naturally from the study of riemannian 
fibre bundles with totally geodesic fibres. Positivity of certain sectional 
curvatures turns out to be equivalent to fatness of the connection determined 
by the orthogonal complements to the fibres. It was for this reason that fat 
bundles were introduced in a manuscript written at MIT in 1968 and 
circulated informally [20]. (The term unj7at used in that manuscript to mean 
fat is rather lacking in euphony; it is also slightly misleading, since a bundle 
which is not flat might not be unflat either-most bundles are somewhere in 
between.) 
Some of the results in this paper are taken from the 1968 manuscript, in 
particular Lemma 3.1, Theorem 4.1 and its corollaries, Theorem 6.1, and 
Theorem 7.2, but there are substantial additions as well. Using an idea of 
Sternberg, we show in Section 3 how to construct symplectic manifolds out 
of any fat bundle, using coadjoint orbits of the structure group; we then 
continue the discussion by using an idea of Thurston [ 181 to show that, 
whatever the connection, it is often possible to put a symplectic structure on 
the total space of a bundle whose tibres and base are symplectic. (In 
particular, it is sufficient that the bundle be compact and have simply 
connected fibres.) 
A problem which was posed and partially solved in [20] was to determine 
the fat 3-sphere bundles over S4. This problem has just been solved by 
Derdziriski and Rigas [7]-there is only the Hopf tibration S3 + S’ + S4. 
Their solution (see Section 7) uses ideas generated by the recent revival of 
interest in 4-dimensional riemarmian geometry [2] centered around the 
notion of self-duality. 
Several important contributions to the theory of fat bundles have been 
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made by L. Berard Bergery, notably a classification of homogeneous fat 
bundles with reductive symmetry group [ 3 ] ( see Section 8). Several of Btrard 
Bergery’s previously unpublished remarks are scattered throughout this 
paper; I thank him for sharing them with me. 
1. DEFINITION OF FATNESS 
Let P(M, G) be a smooth principal bundle with connection (form) o and 
curvature (form) Q. (We shall follow [12] for, notation and definitions.) 
Recall that Q is a tensorial form of type Ad G on P, i.e., it is horizontal, g- 
valued, and Ad G-equivariant. We obtain horizontal, scalar-valued forms on 
P by taking compositions ,u o J2 with p E g*. 
If S g g* is any subset, we shall call the given connection S-fat if, for 
every ,u E S, the form ,u o J2 is nondegenerate on each horizontal space in TP. 
If P(M, G) admits a i*-fat connection, we shall call it a fat bundle. (A dot 
over the name of a vector space [bundle] means that the zero element 
[section] has been deleted.) The word fat is replaced by j7ut in these 
definitions if the forms p o fl are zero rather than being nondegenerate. 
2. METRICS ON PRINCIPAL BUNDLES 
The notion of fatness arose from an attempt to construct riemannian 
metrics with positive sectional curvature on the total spaces of tibre bundles. 
If the base space M has a riemannian metric, and the structure group G has 
a bi-invariant metric, we can use a connection on the principal bundle 
P(M, G) to put a riemannian metric on P; simply declare the horizontal and 
vertical subspaces to be orthogonal, and use the natural induced metric on 
each component. The projection P+ M is then a riemannian submersion 
with totally geodesic tibres, and we can use the formulas of O’Neill [ 161 to 
compute the curvature of P. In particular, for the “vertizontal” plane sections 
spanned by one horizontal and vertical vector, the curvature is nonnegative, 
and it is everywhere positive if and only if the connection is i*-fat. 
3. FAT CIRCLE BUNDLES AND SYMPLECTIC STRUCTURES 
The case G = S’ was considered by Kobayashi [ 111; this study was a 
primary motivating example for O’Neill’s work on submersions. Given a 
positively curved Kahler manifold with sufficient pinching, Kobayashi 
constructed a fat circle bundle over it which was itself positively curved and 
could be proven to be a sphere. 
The curvature form D of any circle bundle P(M, S’) is the pullback of a 
well-defined 2-form R, on M. The form f2, is closed and integral (its 
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de Rham cohomology class [a,] is in the image of the coefficient mapping 
H2(M, Z) + H2(M, IR)). Conversely, any closed integral 2-form 0, arises 
from a circle bundle over M (see [ 11, 13, or 191). A closed 2-form is called 
a symplectic structure if it is everywhere nondegenerate; a manifold with a 
symplectic structure is called a symplectic manifold, it is quantizable if the 
symplectic structure is integral. It follows from the definitions that a 
connection w  on a circle bundle is {p)-fat for some (and hence all) nonzero ,U 
if and only if R, is a symplectic structure. 
Kobayashi noticed that, for compact M, if a symplectic structure (e.g., the 
KIhler form of a Ktiler manifold) is not integral, we can perturb it a little 
so that it is still symplectic and becomes rational. Multiplying by a constant 
gives a quantizable symplectic manifold and, hence, a fat bundle. 
The construction of symplectic manifolds from fat bundles may be 
extended from S’ to arbitrary structure groups. The first step in this 
extension is the following lemma, which is an immediate consequence of the 
equivariance of curvature. 
LEMMA 3.1. If UI is S-fat then o is also G. S-fat, where G. S is the 
union of the orbits of the elements of S under the coadjoint action of G on 
9** 
We also recall that every coadjoint orbit 4 s g* carries a natural G- 
invariant symplectic structure 0,. (See [l] or [ 131.) Now if P(M, G) is any 
principal bundle with a connection, and E(M, 4, G, P) is the associated 
bundle with fibre 8, Sternberg [ 171 has shown that a certain form 0, on the 
total space E is closed. 
The form 0, may be described as follows. We identify E(M, 8, G, P) with 
the orbit space P x b/G. The images under the projection K: P x P* E of 
the horizontal spaces in 77’ form a family of horizontal spaces in TE 
complementary to the vertical subspaces. The form 0, is such that the 
horizontal and vertical spaces are orthogonal, and the restriction of GE to 
each vertical space is given by the symplectic structure Q, (this is well 
defined since L!, is G-invariant). To define fiE on the horizontal subspaces, 
we use the curvature 0 of the connection on P. For each point 
(p, p) E P x b, the horizontal 2-form (,u o B)(p) may be considered as a 2- 
form on the horizontal space at n(p,p). The equivariance of the curvature 
implies that this form is independent of the choice of an element of 
n- ‘a(~, p); we take this form to be the horizontal part of OE. (Note that, if 
G = S’, each orbit is a point, E z M, and OE is the form &, described at the 
beginning of this section.) 
This completes the construction of OE ; we refer to [ 17 ] for the proof that 
OE is closed. It is obvious from the construction that LJ, is nondegenerate if 
and only if the connection is P-fat. Finally, we note that the same 
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constructions apply if 0 is replaced by any hamiltonian G-space Q with 
momentum mapping p: Q + g* (for details, see [ 171). 
The following theorem summarizes our conclusions. An example is given 
in Section 8. 
THEOREM 3.2. Let P(M, G) be a principal bundle, Q a hamiltonian G- 
space with momentum mapping p: Q- g*. (For example, Q may be a coad- 
joint orbit, with p the inclusion.) Then every p(Q)-fat connection on P gives 
rise to a symplectic structure on the total space of the associated bundle 
E(M Q, G P). 
To end this section, we shall investigate whether the fatness assumptions 
in Theorem 3.2 can be dropped if the base M is provided in advance with a 
symplectic structure 0, and we try to use Q, + ~*a,, where p: E + M is 
the projection. Of course, we must be careful that the horizontal part of 12, 
does not cancel the nondegeneracy of GM. The idea works in the following 
cases: 
(1) w is p(Q)-flat. Here the connection on the associated bundle E is 
flat, and the symplectic structure on E is locally a product structure; in this 
case, it is obvious that the form a, is closed. (See Section 8 for an important 
example due to Thurston [ 181.) 
(2) M is a cotangent bundle PX, and the bundle and connection on 
M are pulled back from X. This case was noted by Sternberg and privides a 
phase space for a classical particle on X under the influence of a Yang-Mills 
field. More generally, we may require M to have a foliation by lagrangian 
submanifolds along each of which the connection is p(Q)-flat. 
(3) 0, is “large enough” compared to R,. In fact, if M and Q are 
compact, we can always choose a constant a large enough so that 
GE + ‘p*(&,,,) is nondegenerate. (This idea was used already by Thurston 
[ 18 ] in a special case.) This gives: 
THEOREM 3.3. Let M be a compact symplectic manifold, P(M, G) a prin- 
cipal bundle, and Q a compact hamiltonian G-space with momentum 
mapping p: Q + g”. Then the total space of the associated bundle 
E(M, Q, G, P) admits a symplectic structure which restricts to the given 
structure on the fibres. 
Remark. Theorem 3.3 can be extended to the situation in which the Lie 
group G is replaced by the infinite-dimensional group F consisting of all 
symplectomorphisms of Q, provided that H’(Q, W) = 0. The key idea behind 
this extension is that there is a momentum mapping for all of F given by the 
Lie algebra homomorphism which assigns to each hamiltonian vector field 
the unique generating function whose integral over Q is zero. 
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4. FAT BUNDLES ARE NOT FLAT 
In this section, we shall use the theory of characteristic classes to derive a 
topological obstruction to the existence of a fat connection. 
THEOREM 4.1. Let P(M, G) be a principal bundle with G and M 
compact and connected. If a connection on P is S-fat for some nonempty 
S c g*, then M is even-dimensional and orientable, and some real charac- 
teristic number of P(M, G) is nonzero. 
Proox By Lemma 3.1, we may assume that S is a coadjoint orbit b. 
Define the invariant polynomial qr,, : g + R for any positive integer n by 
where dp is the G-invariant measure on B obtained from the symplectic 
structure. According to the Chern-Weil theory (see [ 12]), the form 
is the pullback to P of a closed 2n-form qF.,“(D) on M which represents a 
characteristic class. Now suppose that n is half the dimension of M. (The 
dimension of M must be even because p 0 B is nondegenerate on horizontal 
subspaces.) By e-fatness and the fact that B is connected, the form 01 o ~2)” 
is nonzero and of constant sign as ~1 varies over S, so the integral qp+,(Sa) is 
nonzero on each horizontal space. Thus q+.,,(O) is a volume element on M, 
M is orientable, and the characteristic number jM qF,#2) is nonzero. 
COROLLARY 4.2. A bundle P(M, G) as in Theorem 4.1 does not admit a 
jlat connection (not even an S-flat one). 
ProoJ: The characteristic number lMqF,.(f2) is independent of the 
connection and is zero if the connection is S-flat. 
COROLLARY 4.3. Corollary 4.2 is true even if M and G are not 
connected. 
Proof. Look at a single component of M, then pass to a finite covering to 
reduce the structure group to the identity component of G. 
Remarks. 1. By Fubini’s theorem for forms (see [6]) the characteristic 
number (Mq?c,n(R) is equal to the volume of the symplectic manifold 
E(M, 0, G, P) of Theorem 3.2. 
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2. The characteristic class [qp,,(.f2)] is a polynomial in the generators 
of the characteristic ring of P. This gives some cohomological restrictions on 
the base space of a compact fat bundle. When G = S’, this is just the well- 
known existence of a class r4 in H*(M; iR) with u’( # 0 for 
k = 1, 2,..., + dim M. When G = S’, there is a class u E H4(M, IR) with uk # 0 
for k = 1,2 ,..., 4 dim M. 
5. FAT ASSOCIATED BUNDLES 
We return now the the problem of putting positively curved metrics on 
tibre bundles. Let (M, G) be a principal bundle with metrics and connection 
as in Section 2. If H is any closed subgroup of G, the quotient space 
E = P/H may be given the unique metric for which the projection P + E is a 
submersion. E is also the total space of the associated bundle 
E(M, G/H, G, P), and the map E + M is a riemannian submersion with 
totally geodesic fibres which are isometric to G/H with the metric induced 
from G. Applying the formulas of O’Neill [ 161 once more, one finds that the 
vertizontal curvatures are nonnegative, and that they are positive if and only 
if the connection on P is h’-fat (9’ is the annihilator of b in Q*.) By abuse of 
language, we shall call the associated bundle E(M, G/H, G, P) a fat bundle if 
P admits an h’-fat connection. 
The next result is due to L. Berard Bergery [4]. 
THEOREM 5.1 (Berard Bergery). Let E -+M be a proper riemannian 
submersion with totally geodesic Jibres and positive vertizontal curvatures. 
Then the fibres are riemannian homogeneous spaces, and E + M is a fat 
bundle. 
Proof: It is a theorem of R. Hermann [9] that, for any proper 
riemannian submersion with totally geodesic fibres, the holonomy group is 
contained in the isometry group of the tibres. Since the isometry group is 
always a Lie group G [ 141, the bundle E -+ M is associated to a principal 
bundle P(M, G). If we take two (local) commuting vector fields on M, lift 
them horizontally to B, and take their Lie bracket, then the resulting vertical 
vector field is in the Lie algebra of the holonomy group. Positivity of the 
vertizontal curvatures implies that these vertical vector fields span the 
tangent spaces to the tibres, so the holonomy group acts transitively. Thus 
the fibres are riemannian homogeneous spaces, and E + M is a flat bundle. 
We also note here the (unpublished) remark of Berard Bergery [5] that, if 
E +M is a fat 2-sphere bundle, then the corresponding principal SO(3) 
bundle is fat. This follows immediately from Lemma 3.1, since the coadjoint 
orbits SO(3) . [55(2)]’ till up SO(~)*. 
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6. A DIMENSION RESTRICTION 
In view of the results in Section 5, it is interesting to study v-fat 
connections, where V is a subspace of g*. The next theorem generalizes the 
fact that symplectic. manifolds are even-dimensional. 
THEOREM 6.1. If P(M, G) admits a r;‘-fat connection, then the sphere of 
dimension dim M - 1 admits dim V linearly independent vectorfields. Hence, 
dim V is less than the Hurwitz-Radon-Adams number p(dim M) (see [ 10, 
Chaps. 11 and 15 I). 
Before giving the proof, we remark that the properties of the function p(r) 
(see [ 10, p. 1561) imply that, the larger V is, the more factors of 2 divide 
dim M. In particular, dim V> a => bl dim M for the pairs (a, b) = (1, 2), 
(2,4), (4,8), (8, 16), (10,32), (12,64). We also note that, for a fat 
associated bundle, dim b’ is just the dimension of the fibre G/H. 
Proof of Theorem 6.1. Choose any point p E P lying over m E M. The 
fatness of the connection implies that for the map aP : V+ /\* Fm,M defined 
by the curvature, the image of any nonzero element is nondegenerate. Thus 
ap is inject&, and A* Pa contains a (dim Qdimensional subspace whose 
nonzero elements are all nondegenerate. Now an element of A* Z’$M may be 
considered as a skew-symmetric transformation of T,,,M into itself (use any 
riemannian metric) which then determines a tangent vector field on the unit 
sphere in T,,,M. This vector field is nowhere vanishing if and only if the 
element of A* T$M is nondegenerate, so we may conclude from fatness that 
the sphere in T,,,M has a (dim Q-dimensional space of vector fields whose 
nonzero elements are nowhere vanishing. Now the maximum dimension of 
such a space has been found by Adams (see [lo] for an account). 
Remarks. 1. It was known before Adams (a result due to Hurwitz, 
Radon, and Eckmann; see [lo]) that there does exist a (p(r) - l)- 
dimensional subspace of /\’ R’* whose nonzero elements are nondegenerate. 
Using these spaces, Berard Bergery [3] has constructed examples of fat 
bundles which show that the estimate in Theorem 6.1 is sharp. 
2. The proof of Theorem 6.1 requires only fatness at a single point. 
BCrard Bergery [5] has observed that if V = g*, then the subspace a,(V) 5 
A’ 7’$V is independent of the choice of p lying over m, so that, for a fat 
principal bundle, there is a well-defined (dim G)-dimensional subbundle of 
A’ (FM) whose nonzero elements are nondegenerate. The existence of such 
a bundle is thus a topological necessary condition for the existence of a fat 
connection. In case G = S’, this amounts to the fact that a symplectic 
manifold must admit an almost complex structure. For G = S”, the structure 
on the base is something like a quatemionic structure. When the base M is 4- 
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dimensional, Derdzinski and Rigas [7] have shown that M must be a spin 
manifold. 
7. FAT 3-SPHERE BUNDLES OVER ‘&MANIFOLDS 
We begin this section by reviewing some well known facts about 4- 
dimensional oriented riemannian vector bundles. If r is such a bundle, the 
Hodge operation *: A’ (l)- A’ (r) satisfies (*)’ = 1, so we may decompose 
A’ (c) as the direct sum of 3-dimensional eigenspaces r\: (Q = {v 1 *t, = l v}. 
If 19 = 0, + tY , where 8, is an element (or section) of Ai (0, then 19 A e = 
(Ie+1*-le8_1*)* 1 E A4 (4. TII us, 8 is decomposable iff le+I = 11% 1 and 
nondegenerate iff ) 8, ( # I& I. 
We may identify A’ ([R4) with the Lie algebra SD(~), and also with 50(4)*, 
in an equivariant way. The splitting A” (w”) = A: (IRK) @ A? (W”) is then a 
decomposition into commuting subalgebras, each of them isomorphic to 
50(3) (left and right multiplications by unit quaternions). The Lie algebra h 
of the isotropy group of an element of S3 may be identified with the diagonal 
in SO(~) X SO(~); this identification is not Ad-equivariant, but the union of 
the adjoint (or coadjoint) orbits of h’ is just the invariant set of decom- 
posible bivectors, i.e., {o 1 I W+ 1 = 1 w- I}. 
Now let P(it4, SO(4)) b e a principal bundle, < the associated IR4 bundle, 
and r the tangent bundle of M, equipped with some riemannian metric. Then 
the curvature form B of a connection o induces a bundle map 
a: A’ (5) + A’ (<), with adjoint a*: A” (C) + A’ (t). 
The observations above lead to the following result. 
PROPOSITION 7.1. A connection LU on P(M, SO(4)) is bL-fat if and only if 
a* maps all nonzero decomposable elements of A2 (0 into nondegenerate 
elements of A2 (5); i.e., if and only if 10, I = lo- I f 0 implies 
I a*(@+ + e-)+1 f la*(e+ + e-j- I. 
Now suppose that M is connected. Then so is the set of decomposable 
elements 8 E A2 (0. By Proposition 7.1, if the connection is fat, the 
difference la*(e)+ I - lo*(e)- ( is nowhere zero and so has constant sign. By 
changing the orientation of M, is necessary, we can make this difference 
positive, so that a*(8)+ is nowhere zero for decomposable 8. Let 
T= (BE A2 (10 f 0 and a*(8)+ = 0). T is connected since it is closed and 
its intersection with each fibre is connected. Since T contains no decom- 
posable vectors, the difference I@+( - I& 1 has constant sign on T, by 
changing the orientation of r if necessary, we can make the difference 
everywhere negative. Then T contains no elements of A: (Q, so the map 
e-+ a*(B)+ is an isomorphism from A: (r) to A: (z). 
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Thus we have proven: 
THEOREM 7.2. Let P(M, SO(4)) be a principal bundle over a 4- 
dimensional manifold h4, c the associated vector bundle, and ‘t the tangent 
bundle of M. If the associated sphere bundle P/SO(3) is fat, then there are 
orientations on r and 5 such that /\: (# is vector bundle isomorphic to 
A: (51. 
The splitting A’ (r) = /\: (r) @ AC (r) depends only on the conformal 
structure and orientation on t and is, up to homotopy, independent of the 
conformal structure. Derdzitiski and Rigas [7] have shown that, under the 
conditions of Theorem 7.2, there is a unique conformal structure on r for 
which a*(0)- is identically zero on r\: (<), i.e., the r\: (<) component of 
the curvature is self-dual (see [2]). In particular, for every fat connection on 
an SO(3) bundle over a 4-manifold M, there is a unique orientation and 
conformal structure on M for which the curvature is self-dual (and hence the 
connection is a minimizing solution of the Yang-Mills equation for any 
metric in that conformal class.) 
One can also say something about the other half A’_ (t) of the vector 
bundle in Theorem 7.2. We may consider A2 (<) as associated to a principal 
SO(3) bundle, which has a Pontrjagin number p,(AZ (0). Using the self 
duality idea mentioned above, Derdziliski and Rigas prove that 0 < 
p,(A\z_ (0) < 35(M) + 2x(M), where r(M) and x(M) are the signature and 
Euler characteristic of A4. Applying this inequality to M= S4, they find that 
p,(A2 (r)) must be zero, and thus obtain the following result. 
THEOREM 7.3 (Derdzitiski and Rigas). If E(S4, S’, SO(4), P) is a fat S3 
bundle over S4, then it is isomorphic to the Hopf bundle S3 + S’ + S“. 
Remark. Theorem 7.3 was conjectured in [20] for the case where the 
total space of E is a homotopy sphere, in connection with the problem of 
putting metrics of positive curvature on Milnor’s exotic spheres [ 151. A 
proof was given in [20] for all but one exotic sphere (so-called type (2, -1)). 
It is interesting to note that Gromoll and Meyer [8] and Rigas [22] have 
found *metrics of nonnegative sectional curvature on just that sphere. 
8. EXAMPLES 
We begin with symplectic manifolds, As has been noted earlier [21], 
almost all the known examples are Kiihler manifolds, and the quantizable 
ones are algebraic varieties. Thurston [ 181 has given an example of a 
compact symplectic manifold with first Betti number equal to 3, so this 
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manifold does not admit a Kahler structure. Thurston’s example is a flat 
S’ x S’ bundle over S’ x S’, with symplectic structure constructed as in 
Section 3 above. 
Are there any compact simply connected symplectic manifolds with no 
underlying Klhler structure? For symplectic manifolds, with a transitive 
compact group of symplectomorphisms, the answer is no; this follows from 
the classification of homogeneous symplectic and Klhler manifolds (see 
1131). 
One approach to constructing a non-Kahlerian symplectic manifold is to 
start with a Kahler manifold, then deform the symplectic structure, and see 
whether there exists an underlying deformation of Kahler structures. Blaine 
Lawson has pointed out to me that the problem can be reduced to the 
following one. Given a Kiihler manifold M the Klhler class is an element 
[a] of the space H’*‘(M, C) c H*(M, C) of type l-l cohomology classes. 
As the complex structure on M is deformed, the space H’*‘(M; C) moves. Is 
there an example in which the union of the H’*‘(M, C) for all nearby 
complex structures does not cover a neighborhood of [Q]? For instance, is 
there a (simply connected) rigid Kahler manifold with H’*‘(M, C) properly 
contained in H*(M, Cc)? 
Are there any simply connected symplectic manifolds whose cohomology 
groups do not satisfy the Hodge conditions? Using the results of Section 3, 
one might try to construct such examples as bundles, but I have not 
succeeded in doing so. It is easy to check (by the Gysin sequence) that using 
S2 as a fibre will not work, but using S* as a base might. A related question 
is: given a bundle whose base and fibre are simply connected and have all 
their odd-order Betti numbers even, must the total space have the same 
property? What if the base and libre are Kahler manifolds? 
The next case of interest is the structure group S3. We have already 
mentioned the Hopf fibration S3 --f S’ + S4, which is fat since S’ has positive 
curvature. This is the first in the sequence of Hopf fibrations 
S3-,S4”-I + IHP"-' for n = 2,3,4 ,.... It is interesting to apply Theorem 3.2 
to these fat bundles, taking as fibre Q the sphere S2. The resulting total space 
turns out to be CPzn-‘. The fibration S2+ CP2”-‘4 IHP"-' is a well-known 
one, so unfortunately we do not get any new symplectic examples here. (This 
is not surprising, since everything in sight is homogeneous.) Berard Bergery 
and Salamon (independently) [5] have recently found an analogous 
construction, given a quaternionic manifold M with positive scalar curvature, 
of a Kahler structure on a natural bundle of 2spheres over M. In case M is 
a 4-manifold, this reduces to the “Penrose construction” (see [2]) for self- 
dual metrics. 
The remaining known examples of fat bundles are homogeneous as well. 
Blrard Bergery [3] has classified those triples K c H s G of Lie groups 
for which G is reductive, H and K are compact, and the bundle 
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H/K + G/K + G/H is fat with respect to a homogeneous connection. Some 
of the results in [3] are: 
(1) If H/K = S’ and G is compact, then G/H is a homogeneous 
Ktier manifold. 
(2) If G is compact and simple, and dim(H/JC) >/ 2, then G/H is a 
symmetric space. 
(3) Most of the known examples of positively curved manifolds are 
total spaces of fat bundles. 
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